K-THEORY FOR RING C*-ALGEBRAS ATTACHED TO 
FUNCTION FIELDS WITH ONLY ONE INFINITE PLACE 



XIN LI 

Abstract. We study the K-theory of ring C*-algebras associated to rings 
of integers in global function fields with only one single infinite place. First, 
we compute the torsion-free part of the K-groups of these ring C*-algebras. 
Secondly, we show that, under a certain primeness condition, the torsion 
part of K-theory determines the inertia degrees at infinity of our function 
fields. 



Contents 

1. Introduction 

2. Preliminaries 

2.1. Ring C*- algebras 

2.2. Previous K-tlieoretic computations 

3. Switching places from infinite to finite 

4. Additive group and roots of unity 

5. Adjoining a prime element 

6. Rational K-theory computations 

7. Torsion in K-theory determines inertia degree 
References 



1 

4 
4 
4 
6 
7 
13 
17 
21 
E7 



1. Introduction 

We generalize the work of J. Cuntz and the author in |Cu-Li3] . where K-theory 
has been computed for ring C*-algebras attached to IFg[T], the polynomial ring 
over the finite field with q elements. Here g is a prime power, i.e. q = for 
some prime p and positive integer v. The construction of ring C*-algebras is 
recalled in the next section. 



In the present paper, we consider more general global function fields, i.e. finite 
separable field extensions of Fp(T), namely those which have only one single 
infinite place. In other words, we focus on function fields that do not split at 
infinity. Here, our convention is to call the place of Fp(T) corresponding to 
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the inverse of the indeterminant T the infinite place (as it is usually done). A 
place of a function field is then called infinite if it sits above this infinite place 
of Fp(T). 

Given any function field, we can consider the ring C*-algebra attached to its 
ring of integers. By the ring of integers, we mean the integral closure of Fp[T] 
in this function field. Our present goal is to study the K-theory of this ring 
C*-algebra in the situation of a function field with only one single infinite 
place. 

In our previous work |Cu-Li3j . we have considered specific examples, namely 
the ring of integers Fq[T] in the function field ¥g(T) /Wp(T). So the setting 
in |Cu-Li3j was very concrete. On the one hand, this had the advantage that 
the K-theoretic computation could be done in a very explicit way. This led to 
explicit generators for the K-groups of interest. On the other hand, it was not 
clear how to generalize the work in |Cu-Li3] . i.e. what happens in the case of 
more general function fields. 

The present piece of work clarifies the situation and helps to understand what 
is going on in the general case. Our investigations reveal which properties of 
the function field are needed for the approach developed in |Cu-Li3j to work 
out, and where the obstacles lie to more general K-theoretic computations. 

Moreover, new phenomena arise in the more general situation. Most notably, 
we will see that the K-theory of ring C*-algebras attached to function fields (or 
rather their rings of integers) can carry torsion. This is not the case for the ring 
C*-algebra of Fg[T] as shown in |Cu-Li3] . Unfortunately, the appearance of 
torsion leads to extension problems in our computations that cannot be solved 
in general. For this reason, we can in general only determine the torsion-free 
part of the K-groups. However, it is at the same time an interesting problem 
to find out what sort of information about the function fields can be extracted 
from the torsion part of the K-groups of the associated ring C*-algebras. It 
turns out that torsion in K-theory encodes the inertia degrees at infinity of 
our function fields. 

Let us now state our main results: 

Let K/¥p(T) be a finite separable field extension. Assume that is the field 
of constants in K, i.e. F^ is the algebraic closure of Fp in K. We assume that 
K has only one single infinite place. Let / be the inertia degree at infinity of 
K/¥q{T). Define Q-^ := ^rrr- Moreover, the multiplicative group always 
admits a decomposition = F^ x F where F is a free abelian subgroup of 
. Now let R be the ring of integers of K. In this situation, we have 
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Theorem 1.1. After inverting , we obtain for the K-theory of Qi[R], the 
ring C*-algehra of R: 

K,{%[R]) ^ (i^o(C*(F^^))®zA* (r)) 

ko stands for reduced K-theory, and we know that iro(C*(Fg^)) ^ Z"-"^. A* (T) 
is the exterior Z-algebra over F. Moreover, K^, denotes the direct sum of Kq 
and Ki and is viewed as a Z/2Z-graded abelian group. So we are identifying 
Z/2Z-graded abehan groups. On Z[^] and ko{C*{¥^)), we take the trivial 
grading, and on A* (F) we take the canonical grading. All the tensor products 
are graded tensor products. 

For our second main result, take two function fields Ki and K2. We assume 
that both of them have the field of constants and only one single infinite 
place. Let fi be the inertia degree at infinity of Ki/¥g(T) for i = 1,2. Ri again 
denotes the ring of integers in Ki/¥q{T) for i = 1,2. Under the additional 
assumption that {fi, g — 1) = 1 for z = 1, 2, we obtain 

Theorem 1.2. If K^,{'Ql[Ri]) = K^,{Ql[R2]) , then the inertia degrees at infinity 
of the extensions Ki/¥q(T) and K2/¥q{T) coincide, i.e. we have /i = /2- 



This paper is organized as follows: In Section [21 we explain the construction 
of ring C*-algebras for rings of integers in function fields. Moreover, we re- 
view the work in |Cu-Li3j in order to recall the strategy of the K-theoretic 
computations in the case of polynomial rings over finite fields. As in |Cu-Li3j . 
it is more convenient to work over the finite place of Fp(T) corresponding to 
the indeterminant T itself instead of the infinite place corresponding to T~^. 
We explain the necessary reduction step in Section |3l Our original task can 
be reformulated as computing K-theory for a certain crossed product by the 
ax + 6-group over a function field. We start with the action of the additive 
group and of the roots of unity in Section HI It then remains to treat the full 
multiplicative group. This is achieved in two steps: The first step is to adjoin 
a prime element (Section E]). The second step is to add the remaining part of 
the multiplicative group. We show that it is at least possible to do this step 
rationally (Section E]), so that we obtain a proof of Theorem 11.11 Moreover, 
under a certain primeness condition, it is possible to say a bit more about 
the torsion part of K-theory. This observation, together with a little number 
theoretic lemma, gives a proof of Theorem 11.21 (Section [7]). 



I would like to thank U. Hartl for helpful comments about global function 
fields. 



4 



XIN LI 



2. Preliminaries 

2.1. Ring C*-algebras. The theory of ring C*-algebras has been initiated in 
[Cun] . From that point of departure, it has been further developed in |Cu-Lil] . 
[Li] and |Cu-Li2] . We refer the reader to the references mentioned above for 
the general theory of ring C*-algebras. Now, let us explain the construction 
in the concrete case of function fields. 

By a (global) function field, we mean a finite separable field extension K/¥p{T). 
Here p is a prime number and Fp(T) is the quotient field of the polynomial 
ring over the finite field with p elements. The ring of integers R in K/¥p{T) 
is the integral closure of Fp[T] in i.e. R is the following subring of K: 

{x G if: 3 oo, . . . , ctm-i £ Fp[T] with + am-ix^~^ + ■ ■ ■ + ctix + Oq = O} . 

The reader may consult |Ro] for an introduction to the theory of function 
fields. The theory of places and adeles can be found in |Weil] . Chapters I- IV. 

To construct the ring C*-algebra of i?, consider the Hilbert space i'^{R) of 
square integrable functions on R. Denote by {Sr'- r G R} the canonical or- 
thonormal basis of ^^(-R), i.e. er{s) = 6r^s for s in R {6r^s = 1 ii r = s and 
6r^s = if r 7^ s). The ring structure of R allows us to construct two natural 
families of bounded operators on i'^{R), namely 

• additive shifts determined by U^Er = Sb+r for every b E R, r E R 

• multiplicative shifts given by SaSr = Sar for all 7^ a G -R, r G i?. 

The ring C*-algebra of R is then given by the C*-subalgebra of C{£'^{R)) 
generated by b G -R} and {Sa- 7^ a G R}. It is denoted by 2l[-R], i.e. we 
have 

2t[i?] := C*({f/^: beR}u{Sa: ^ a G R}) C Ci^iR)). 

In our situation of function fields, the C*-algebra is purely infinite and 
simple (compare [Cu-Lilj . Theorem 3.6). Moreover, it admits - up to Morita 
equivalence - a crossed product description 

(1) 2l[i?] ~Af Co(Aj) X X 

This follows more or less directly from our constructions (see [Cu-Lilj . Sec- 
tion 5). Here Aj is the finite adele ring over K. Our function field K embeds 
diagonally into Aj, so there is a canonical action of the ax + 6-group K y\ 
over on Co(Aj) by affine transformations. This is precisely the action which 
gives rise to the crossed product on the right hand side of ([T]). 

2.2. Previous K-theoretic computations. The K-theory of has been 
computed in the case of the function field ¥q{T) /¥p{T) in |Cu-Li3j . where 
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g is a power of the prime number p and we take the canonical embedding 
Fp(r) Fg(T). For this function field Fg(T)/Fp(T), the ring of integers R is 
the polynomial ring with coefficients in F^, i.e. R = Fg[T]. The main result in 
|Cu-Li3] says that the K-theory of 2l[Fg[T]] can be described as follows: 

The multiphcative group Fq(T)^ admits a decomposition Fg(T)^ = F^ x F 
where F is a free abehan subgroup of ¥q(T)^ (F is actually a free abelian group 
on countably infinitely many generators). Theorem 7.2 in |Cu-Li3] tells us that 

(2) K,(21[FJT]]) - koiC*{¥^)) ®^ A* (F) 

as Z/2Z-graded abelian groups. Here we use the same notations as in Theo- 
rem [LTJ 

In the sequel, let us briefiy recall the steps that lead to 

The first and most important ingredient is the so-called duality theorem, 
proven in |Cu-Li2j . It says the following: 

Let i^T be a global field, i.e. we have a finite seperable field extension -ft'/Q 
or K/¥p{T). We can associate to K its finite and its infinite adele space, 
denoted by A/ and Aqo, respectively. Since K embeds diagonally into A/ and 
Aoo, there are canonical actions of the ax + 6-group K xi on Co{Kf) and 
Co(Aoo) by affine transformations. Corollary 4.2 in |Cu-Li2j tells us that the 
corresponding crossed products are Morita equivalent, i.e. 

(3) (:7o(A/) X X ~M Co(Aoo) X is: X 

Of course, a function field is a special case of a global field, so we can apply 
(E]) to function fields. Combining this with ([T]), we obtain for every function 
field K/¥p{T) with ring of integers R that 

(4) ~M Co(Aoo) X X 

This is the first step in our computation; it reduces the K-theory computation 
of 2l[-R] to the computation of the K-theory of Co(Aoo) x x . 

The second step, another reduction step, is to switch places from the infinite 
place to the finite place corresponding to the indeterminant T in F^(T). For the 
function field Fg(T)/Fp(T) treated in |Cu-Li3j . this means the following: The 
infinite adele space Aqo of Fq(T)/Fp(T) is given by the ring of formal Laurent 
series Fq((T)) with the embedding Fg(T) 3 f{T) ^ f{T-^) e F,((T)), i.e. the 
indeterminant is replaced by its inverse. The local field of the place of Fg(T) 
corresponding to the indeterminant T is again given by Fg((T)), but this time 
with the canonical embedding Fg(T) 3 f(T) f(T) G Fg((T)). These two 
embeddings give rise to two actions of ¥q(T) x Fg(T)^ on Co(Aoo) and on 
Co(Fq((T))). Thus we obtain two crossed products. In Section 3 of |Cu-Li3] . 
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we prove that 

Co(Aoo) X F,(T) X F,(T)x ^ Co(F,((r))) x F,(r) x F,(T)^ 

Thus to compute the K-theory of 2l[Fg[T]], we have to determine the K-theory 
of Co(Fg((T))) xFg(T) xFq(T)^. This computation is then done in three steps: 

As a first step, we treat the additive group and the roots of unity, i.e. we 
compute K-theory for Co(Fg((T))) x ¥g{T) x F^^ (see [CurLiS], Corollary 5.9; 
Co(Fg((T))) X ¥g{T) X F^^ is abbreviated by A_i in [U^i3j). The idea is to 
find suitable filtrations and to use continuity of K-theory. 

The second step is to adjoin the canonical prime element for the place corre- 
sponding to T, namely the indeterminant T itself. This means that we have to 
compute K-theory for Co(Fg((T))) x Fg(T) x (F^ x (T)). However, it is crucial 
for what comes next that we do not only compute K-theory, but even obtain 
explicit generators with a certain invariance property (see |Cu-Li3] . Proposi- 
tion 5.10 and Lemma 6.1; Co(Fg((T))) x ¥g{T) x (F^^ x (T)) is abbreviated by 
Aq in [Cu-Li3j ). This explicit K-theoretic computation is achieved through a 
detailed analysis of the Pimsner-Voiculescu sequence applied to our situation. 

Finally, the third step is to adjoin the remaining part of the multiplicative 
group ¥q{T)^. Here, it turns out to be crucial that we can find generators 
for this remaining part of ¥q{T)^ which all lie in the coset 1 -|- TFg[T], i.e. 
which are congruent to 1 modulo TFg[T]. The idea in this step is to use 
the Pimsner-Voiculescu sequence and to compare our situation to the one of 
higher dimensional tori. This comparison works out precisely because of the 
invariance property of the generators for K-theory from the previous step. 

This is how the K-theory of 2l[Fq[T]] can be computed. In the present paper, we 
follow the same route. Some steps work out just as in the case of Fg(T) /¥p(T), 
but sometimes we need modifications or new ideas to make things work. 

Remark 2.1. K-theory for ring C*-algebras has also been computed in the 
case of number fields, see |Cu-Li2] . As for function fields, the duality theorem 
([3]) plays an important role in the computations for number fields, but for quite 
different reasons. 

3. Switching places from infinite to finite 

Let now K/¥p(T) be a function field with field of constants Fg. This means 
that ¥q is the algebraic closure of ¥p in K. Let R be the ring of integers in 
K/¥p{T). We know by (jlj) that the ring C*-algebra of R is Morita equivalent 
to Co(Aoo) X K X . As in the case of polynomial rings and their quotient 
fields, it is more convenient to work not with the infinite place Voo but with 
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the place vt of Fp(T) corresponding to the prime ideal of Fp[T] generated 
by the indeterminant T. This means that we would like to work with the 
places of K/¥p{T) sitting above vt instead of those places which sit above foo- 
It is possible to arrange this by twisting the field extension K/¥p{T) by an 
automorphism of the ground field. 

Let L be the inclusion Fp(T) K corresponding to the given field extension 
K/¥p{T). Consider the automorphism a of Fp(T) which fixes Fp and sends 
T to T~^. Compose l with a to obtain a new field extension K^''y¥p{T). In 
other words, we take the same field K, but view Fp(T) as a subfield via l o a 
and not via l as it was the case for the extension K/¥p{T). Since K^'^'^ = K as 
fields, K^"^ has the same field of constants (namely ¥q) and the same places as 
K. Moreover, it is clear from our construction that a place w of K^"'^ lies above 
the place vt of Fp(T) K^'^^ if and only if the same place w, now viewed as a 
place of K, sits above the infinite place Voo of Fp(T) K. Therefore we have 

(5) n ^i'^^ = n 

w\vt w\Vca 

Let = Ylii,\^^ Kw^ . The right hand side of ([5]) is Aoo, the infinite adele 
space of K, so that we obtain 

(6) C^o(Aoo) X X = Co(A^"^) X X {K^^Y. 
Therefore, our goal is to compute the K-theory of Co(A^^) x K^"''' x (K^"'"')^ . 

In analogy to the case of K/¥p{T), we denote by i?M the ring of integers of 
the function field K'^"'' /¥p{T). Let Rp) be the closure of i?^'") in A^ \ i.e. 

w\vj' 

where Rw^ is the closure of R^'^^ in Kw^ . 



4. Additive group and roots of unity 



Let us first of all state the main result of this section. For non-negative integers 
m, let Im denote the characteristic function of T'"i?(°') C A^"*. As T^^R^^^i is 
closed and open in A^"*, 1^ lies in Co(A^-'). In the sequel, we will often deal 
with crossed products by the ax + 6-group K^°'^ x (K^'^^)^ or by subgroups of 
this group. In each of these crossed products, let denote the unitaries in the 
multiplier algebra of the crossed product corresponding to the additive part, 
and let denote the unitaries for the multiplicative part. Moreover, whenever 
in such a crossed product by (a subgroup of) K^°'^ x (K^'^^)^ , F^ is contained in 

the multiplicative part of the group, then for a character x G F^ let be the 
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spectral projection ^ XIogf'' x{(^)ta in the multiplier algebra of the crossed 
product. 

Here is the main result of this section: 

Let n be the degree of K^'^^ over ¥q(T). Moreover, 1 G denotes the trivial 
character. 

Proposition 4.1. We can identify Ko{Co{a!^^) x fsT^") x F^^) with 

Z[l] © Z 



in such a way that the Kq- class corresponds to 



, _q-mnQmn ^ 



and the Kq- class 



[IrnVxl corresponds to 



\ 



for every m G Z>o and 1 7^ x G F^ 



Here the entry "1" in the vector corresponding to [imPx] '^^ X-th entry in 

e-^, , Z. Moreover, we write Q™'" for - — 
F^\{i} ' ^ ■' 9-1 

is:i(Co(A^^^) X fsfM X F^) vanishes. 



The first step in the proof of this proposition is to compute the K-theory of 
C(B^) X X Fg^. Since K/¥q{T) is separable, K^"^ /¥q{T) is separable 
as well. In addition, Fq[T] is a principal ideal domain. Therefore, there is 
Fg[T]-basis for i?^""^ (see |Neu] . Chapter I, Proposition (2.10)). Let cji, . . . ,Un 
be such a basis. We set 

'■= {ij^^^- ^ F,[T],deg(/,) < m - l| . 

We know that _R('^) can be identified with 1^^ {i?^/^""'^^''^; Pm+i,m} where 
Pm+i,m ■■ R^^^ /T'"+ii?('^) R^"^ /T"* is the canonical projection. Moreover, 
we have R^'''^ = U^=i ■ It follows that we can identify C(r(^) x i?^'^) x F^^ 
with 

iii^{c(i?('^V^"^^''^) X Rl:^ X F,"; 

m 

where im,n,+i ■ C(i?("V^^'"^^"^) x x F^^ -> C{R^'''> /T'^+^R^"'^) x i^f^l^ x F^^ 
is given by 

(7) im,m+l{9v''ta) = (g O p^^^^^)vHa 
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for all g G C(i?M/r™/?('^)), b G R^^ and a e ¥^ . This can be proven analo- 
gously to Lemma 5.3 in |Cu-Li3] . 

As a first step, we describe C(i?M/T'"/2('^)) x i?^^^ x F^^. Let K, for a E 
F^, be the canonical unitary generators of C*(F^). Moreover, let Cm G 
CiR^"^ /T'^R^''^) be the function with value 1 at + T'"i?('^) and every- 
where else. And for every c?, d! in r!^\ let Cd^d' be the rank one opera- 
tor in £(£2(/?W/T-i?(-))) given by = (e,'£d'+T'"ij(<^)) ^d+T'"fl(-)- Here 

{^f)+T'"R(<^) } is the canonical orthonormal basis of £'^{R^'^yT'^R^°''>). 



Lemma 4.2. We have 

C{r('')/T"'r('')) X >^ F^^ ^ £(£2(i?(-)/T'"i?("))) ® C*(F, 



v''emV ^'ta ^ eb,a-n' ® Va. 

The proof of this lemma is analogous to the one of Lemma 5.4 in |Cu-Li3] . 

Identifying £(£2(i?W/r'^i?('^))) with Mgmn(C), this lemma leads to 
Corollary 4.3. 



and free generators for Kq are given by the Ko-classes <j [cmPxl- X 
Moreover, Ki{C{R^''^ /T'^R'^"^) x R^^^ x F^) vanishes 



This already shows, using continuity of i^i, that iri(C(i?('^)) x x F^ 
vanishes. 



To determine Kq{C{R^'^^) x R^"^ x IF^ ), we have to compute what 'im,m+i (given 
by (Cj)) does on Kq. 

Lemma 4.4. With respect to the generators 

{ymPx]' X e } and |[e^+ipj.- x e } 

of Ko{C{R^''yT"'R^''^) X i?^:) X F^^) an(i Ko{C{R^''yT"'+^R^''^) x i^J^j^ x F^^), 
respectively, («m,m+i)* of the form 



[^m,,m,+ lj* ( ' ■ ) ~l~ 
.0 ' 1 . 



-in nn 



As above, Q" = 



10 XIN LI 

Proof. We have to determine the Kq-cIslss of 

1m,m+l[GmPx) ~ ^mPx ~ I / ^ ^m+l^ I 

in Ko{C{R^''^/T"^+^R^^'^) x x F^^). To do so, we first construct for every 

^, X in a partial isometry in C{R^'''^ /T'^+^R^"^) x R^^l^ x with support 
projection (e^ — em+ijP:^^ and range projection (e^ — ^m+ijVx- Let ip he a. 

character in F^. Moreover, set {R^'^yTR^^^Y ■= {R^^^TR^"^) \ {O + Ti?^'^)}. 
The partial isometry mentioned above is constructed with the help of a map 

m : {R^''yTR^''^Y ^T = {zeC: \z\ = 1} 

satisfying the relation 

(8) ^(a-6 + Ti?(")) =^(a)^(6 + Ti?(")) 

for all a e ¥^ and b + TR^''^ e {R^'^^TR^'^yY. Let us assume that such a 
function exists. Take such a function \E' and set 

xt^'^ := + TR^'^^y-'e^^.v-^-'. 

We have 

\^ ) -^^1 ) — \•^^! ) -^^i 

V Cm+lV = Cm- Cm+l 

b+TRf-") G /TR'^") ) X 

and for every x G F^ : 
(10) Px4''^"^ 



QgFj fe+TR(<')g{_R(<^)/T_R(<^))x 



q 

a,b 



a, 6 



(m+l) 
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The partial isometry with the desired properties is then given by since 
and 

(Px-^* ^)(Px'^* ^) ~ Px"^* ^(3;^ ^) Px 

This imphes that the i^o-classes of {cm — era+i)p^^ and (e^ — em+i)Px coincide, 

i.e. we have for every x in 

(11) 

With flTT]) in mind, we can now compute 

(12) [im,m+l{emPx)\ = [^^mPx] = [Cm+lPx] + li'^rn - Cm+OPx] 

and 

(13) (g - 1) [{em - em+i)Px] 

(14) ^ ^ [{em - em+i)p^^] = [e^ - e^+i] 

= (g" - 1) [e„+i] = (g" - 1) J] [e^^+i^'V-] • 

( IT3|) imphes that for every x in F^, we have 

(15) [(e„ - em+i)Px\ = '5" X] [Cm+lP^] • 

Inserting f|T5|) in f|T2|) . we obtain 

[Vm+i(emPx)] = [cm+iPx] + Q" [e 

Therefore, ^m,m+l is indeed of the desired form. 

However, to make all this work, we still need to construct a function \E' with 
property ([8]). 

Lemma 4.5. For every character ip in F^ there exists a function 

^ : {R'^''^ /TR^^'Y ^T = {zeC: \z\ = 1} 
satisfying the relation ([S]), i.e. 

*(a-6 + Ti?('^)) =^p{a)^{b + TR'■''^) for all a e ¥^,b + TR^'''^ G {R^^^TR^^^ . 
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Proof. Let ui, . . . ,Un be a Fg[T]-basis of R^'^^ (see the beginning of this sec- 
tion, right after Proposition 14. ip . Then a complete system of representatives 

in R^^^TR^'^'^ is given by R^""* = {Yl^=ibi^i'- ^ J^g}- Of course, we have 
Er=i bi^i + TR^"'^ = + Ti?('^) if and only if fo^ = ■ ■ ■ = 6„ = 0. Thus 
every h + TR^"^ in {R^^yTR^^^Y is of the form X;r=i ^i^i with an index 
io G {1, • • • , ''^j such that ^ 0. Now a function ^ with the desired property 
is for example given by 

n 



=«0 



□ 



This completes the proof of Lemma 14.41 



□ 



Using 



C(i?W) X X F^^ = lii^{C(i?('^V^™^^"^) X X F,^z™,™+i} 

m 

and continuity of ii^O; the previous lemma yields 

Lemma 4.6. We can identify Kq{C(R^) x R^""^ x wi/i Z[i] © 0^, , Z 

9 Fq \{1} 

slic/i that for every m G Z>o and % G F^ \ {1}, [1^] corresponds to 



( 



and [ImPx] corresponds to 



\ 



. Here, as in Proposition 4-i, the entry 



"1" in the vector corresponding to [imPx] the x-^h entry in 0^^^^^ Z, and 

Qmn _ q^^-l 



q-l 



Now, it is only a small step from this lemma to our proposition. We just have 
to invert FJT]^ = FJT] \ {0} in R^''\ Namely, we know that 



= (FjT]^)-^i?(-) and K^""^ = (F,[T] 



This implies 



Co{A^T^) X K^^^ X F^^ = lii^ |c(i?W) X X F^^ ^ 

F,[T]x 



where /i is the multiplicative action of the semigroup Fg[T]^ on xiR^'^^ x 

F^ via endomorphisms. This observation already implies, using continuity of 
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Ki, that Ki{Co{A^T^) x K^"'^ x F^^) vanishes since we know that Ki{C(R(^) x 
Hi^^) x F^) vanishes. 

Moreover, it turns out that for every / in Fg[T]^, fif is an isomorphism on 

Ko{C{R^''^) X i?^'^) X F^). Namely, with the help of Lemma SSI it is easy to 
compute that 

(/i/), = id on Ko{C{W)) x x F^^) for every / G FJT]^ with vrif) = 
and 




with respect to the identification Ko{C{R^'')) x x FM ^ Z[^] © 0r^, , Z 
from Lemma [4.61 Again, = ^ty"- 

But this implies, again by continuity of Kq, that the canonical homomorphism 

C(rF)) X X F^^ ^ Cq{kP) X K^"^ X Fg^ 
induces an isomorphism on Kq. 

Proposition 14.11 follows immediately from this observation and Lemma 14.61 



5. Adjoining a prime element 

To pass from Co{kP) x ir(<^) x F^^ to Cq{kP) x i^M x [K^^^Y , we have to 
treat the multiplicative action, say /i. We proceed in two steps which occupy 
the next two sections. 

From now on, we assume that K has only one single infinite place. This means 
that K'^"^ has only one single place w sitting above Vt- 

Our first goal is to treat the multiplicative action of a prime element for w. 
Take such a prime element in R^'^\ say r. We observe that we can always find 
a free abelian subgroup V of {K^'^^'Y such that {K^''^Y = ^ (^) ^ T'. Later 
on, we will choose a particular V with special properties. 

Let us now determine (/ir)* on Kq{Co{A'^^) x K'^^'' x F^). Here is the result: 



Let / be the inertia degree at w, i.e. (R^'^^ : tR^'^^) = . 
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Proposition 5.1. With respect to the identification 
from Proposition^^ (/ir)* is of the form 



1 

6 1 



Proof. Proposition 14.11 tells us that the copy of Z[i] is generated by the Kq- 
classes {[Im] : G Z>o} and that the q — 2 copies of Z (i.e. 0^, , , Z) are 

generated by the fTo-classes | [Ip^] : 1 7^ % G | with respect to the identifi- 
cation 

Ko{C,{kP) X K^^^ X F^^) ^ Z[i] © Z 
from Proposition 14.11 



We have 

As each of the pairwise orthogonal projections f "^"''1^+1^'"^'"* gives the same 
class as Im+i in Kq, we obtain 

= (ri?('^) : Ti?('^)) [Wi] 

As [Im] =5^™-" and [im+i] =g"(''"+i)", we obtain that (/ir)* acts by multiphca- 
tion with on the copy of Z[i]. 

It remains to determine {iJir)*{\^P^) for 1 7^ x G F^. To do so, we construct for 
every if), x in F^ a partial isometry with support projection {l^-^i^ — l^-^j^)p:^^ 
and range projection iX^-^i^ — trp-^(p;)Px- The procedure is very similar to the 
one in the proof of Lemma [4.4[ What we need is an element G Cq{A'^^) 
corresponding to G F^ with the properties 

and 

p^xq, = xvpp^^ for all x^^q 
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Let {tR^"^ /TR^"^Y be {tR^"'^ /TR^^'^) \ {O + TR^^'^}. A similar computation 
as in Lemma 113] shows that an element xq, with the desired properties is given 
by 

x^= Yl '^{b + TR^'''>)v\j^v-'' 

provided that is a function {TR^^yTR^^^Y T satisfying 

m{a-h + TR^''^) = V^(a)^(6 + TR^"^) for all ae¥^. 

Such a function exists by Lemma [4.51 We just have to restrict the function 
constructed in that lemma to 

{tR^''^/TR^''^Y ^ (R^^^/TR^^^Y. 
Thus, there is a partial isometry with the desired properties. This implies 

(16) [(1^^ - 1^^)P^J = [{t^j^ - tTR(^)Px\ for all tA, X e F^. 
We can then compute as in the proof of Lemma 14.41 

(17) [/i.(lPx)] = [Kr(^Px\ = [iK-Ri^ - ^TR(^)Px\ + 

and 



^TR('^)p^ 



(18) - [(KW) ' ^Tl^)Px\ 
(fT8|) implies that 

(19) [(1^^ - l^^)pj = Q""^ [^TRi^] for all X e fx. 
Inserting ( |T9l) in ( |T7I) yields 

[/i.(lpj] = Q"-^ [1^^] + [l^^Px] • 
In the identification 

KoiCoiAP) K^^^ X F^-) - Z[i] © Z 
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from Proposition 14.11 [1^;^^] ~ [^i] corresponds to 



[liP^] corresponds to 



We therefore obtain 



WitPx)] 



(J" q—1 




and [ItJ^Px] 



□ 



Going through the Pimsner-Voiculescu sequence, we can now derive the fol- 
lowing 

Proposition 5.2. We have 



xeF,^\{i} 



and 



xeF|\{i} 

Moreover, the Ko-class [1] is a generator for the copy ofZ/Q^Z, and gener- 
ators in Kq of ^^^pi^^^^Z are given by the classes ■ X ^'^q \ 

Generators for Ki are given by the classes ^[w^] : x ^'^q \ where 
are unitaries in the unitalization of Co{A^j^^) xi K^'^'' xi (F^ x (r)) of the form 



(20) 



Here, we can take for xx any element in Co(A^'') satisfying 
and 

xxPx =PiXx- 



The proof of this proposition is analogous to the proof of Proposition 5.10 in 
|Cu-Li3j . 
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Remark 5.3. The element xx can be chosen as 

6+rK{<^)G{_R(<^)/T_R('^))x 

where X is a function X : (R^'^^ /rR^'^^)^ T with the property that 

X{a-b + ri?('")) = xia)X{b + tR) for all ae¥^. 

Such a function exists as R^'^'> /tR'^'^^ = F^/ and we can identify F^/ with (F^)-'^ 
as Fg-vector spaces. Then we just have to apply the analogous construction as 
in the proof of Lemma 14.51 

Later on, we will choose particular elements xx satisfying an invariance prop- 
erty. 

In the case of polynomial rings and their quotient fields, it was possible to 
go on from this point and to compute the K-theory of the associated ring 
C*-algebras. The idea was to compare the situation with higher dimensional 
tori and to use the Pimsner-Voiculescu sequence. Since there was no torsion, 
everything could be computed. 

Now, as we have seen, torsion can appear. This leads do extension problems 
which we cannot solve up to now. Another complication that arises in our 
more general situation is that the field of constants Fg in K (or K^'^'>) does not 
need to coincide with the field of constants of the local field at infinity (or at 
the place of K^'^'^ over vt)- Therefore, it is not clear any more whether we can 
choose generators for the remaining part of the multiplicative group which fix 
the unitaries (at the level of C*-algebras, not just in K-theory). This step 
was however crucial in our computations for polynomial rings. Note that both 
complications arise if and only if the inertia degree at infinity of our function 
field K/¥q{T) (or of K^''y¥q{T) over vt) is strictly bigger than 1. 

In the sequel, we proceed in two directions: First, it turns out that once we 
rationalize, these two problems disappear. This is of course not surprising 
for the extension problems caused by torsion, but the second problem can be 
solved as well. And secondly, we develop a solution of the second problem under 
a certain primeness condition, namely that the inertia degree / at infinity of 
K/¥q{T) (or of K'^'^'> /¥q{T) over vt) satisfies (/, g — 1) = 1. In this case, we can 
say more about torsion, and this leads to our observation that the K-theory of 
ring C*-algebras detects the inertia degrees at infinity. 

6. Rational K-theory computations 



Our goal is to prove Theorem 11.11 Here is the statement: 
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Take a function field K/¥p{T) with fields of constants F^. Assume that the 
field extension K/¥q{T) has only one single infinite place with inertia degree 

/. Define Q'^ = ^^j-. Let F C be a free abelian subgroup such that 
K"" = ¥^ X r. 

Theorem 6.1. After inverting , the K-theory o/2l[-R], the ring C*-algebra 
associated to the ring of integers R in K/¥q{T), is given by 

K,{Ql[R])®^Z[^] ^ I^Ko{C*{¥^))®^A* (r)) ®zZ[^]. 



Let us come to the proof of this theorem. Since we have already computed 
K-theory for Co{Ai^^) x K^''^ x (F^^ x (r)), it remains to treat the multiplicative 
action of a subgroup F' of {K'^'^'^Y ^i^^ the property that {K^'^^)^ = F^ x (r) x 
r'. Now, let us fix such a subgroup F'. /i denotes the multiplicative action of 
F' on Co{aP) X K^"^ x (F^^ x (r)). We start with the following 

Lemma 6.2. Let 71, ... ,7^ and 7 be linearly independent elements in F'. As- 
sume that there are unitaries ^w^: x ^'^q \ i^}^ Proposition \5.2\ which 

are fixed by /x^^, . . . and /i^. Then we have (/i^)* = id on JC=i,(Co(A^'') x 
if('^)x(F^-x((r)x(7i,...,7,))). 



Proof. Consider the Pimsner-Voiculescu sequence for 

Co{aP) X K^'^) X (F^^ X ((r) x (7^, . . . ,7.) x (7))) 

- Co{aP) X K'^^^ X (F^>^ X ((r) x (71, . . . ,7,))) x^^ Z. 

Exactness of the Pimsner-Voiculescu sequence implies that our assertion is 
equivalent to saying that the boundary maps are surjective. To show this, we 
construct K-theoretic elements 

1 ■ p^, t^j^ , t^j^ , . . . ,t^.^ , w^, t^.^ , t^^^ . 



1, t^.^ , t^^^ , . . . , t^.^ 



and 



1 ■ PX' ^7ji ' 



, t^.^ , t^ 



, t^.^ , t^ 



for every 1 < < • ■ ■ < < i, < j and x ^ "^q \ {1} by comparing 
our situation with higher dimensional tori as in |Cu-Li3] . Section 6. This is 
possible because of our assumption that the elements are invariant under 
/i^j, . . . , fi^. and fi-y. Now the claim is that 



: 1 < Ji < ■■•<J/ <^,0</} 



U 
U 



t ■ PX7 ^7j^ 5 ^7j2 ) • • • 5 ^7j; 



: l<Ji<---<J«<^,0</;xeF><\{l} 



■■ l<Ji<---<J/<^,0</;xeFM{l} 
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are generators for _ft'*(Co(A^^) x K^"^ x (F^ x ((r) x (71, . . . ,7i))) and that 
the boundary maps in the Pimsner-Voiculescu sequence for 

Co(A^^^) X X (F^^ X ((r) X (7^, . . . ,7,) x (7))) 

- Co(A5r)) X K^'^) X (F^- X ((r) X (7^, . . . ,7,))) x^^ Z 



send 



to 



) ^7j, ; ^7 



to 



and 



"^X' '^7ji ' ^132 ' • • • ' ^7j; ' ^7 



to 



for every 1 < Ji < ■ ■ • < < z, < /; x G \ {1}. 

It actually suffices to prove the second assertion because the first one can be 
deduced inductively as follows: The starting point is Proposition I5.2[ and the 
induction step from j to j ' + 1 is given by the second observation applied to 
71, . . . ,7j and 7 = 7^+1. 

The proof of the second assertion is the same as the one for Proposition 7.1 in 
|Cu-Li3] . □ 



Now, we can choose F' C {K^^)Y so that {K^'^^y'"^ = x F' where K^^)^""^ = 
|a G K^'^'': w{a) = O}. By construction, the inclusion K'^'^^ ^ Kw^ = A^-* 
induces a map F' rI^^ = rF^ bF^/tRF> with image in (rF^ /tR^Y , 
i.e. a group homomorphism F' — )■ (i?(°")/ri?('^))^; 7 1— )■ 7. It is clear that if we 
choose xx in the construction of to be of the form as in Remark 15. 3[ the 
unitaries for all x ^ F^ \ {1} will be fixed by if 7 = 1 + rR^'^h So, let 
us choose particular generators 71,72,... for a subgroup F' C (i^^'^))^ with 
(fsfC'^))^'"^ = Fg X F'. We can arrange that 

71 is a multiplicative generator of [R^'^^ /tR''"^Y 

and that 

7- = 1 + tW^ for all i > 2. 
Set Ti := (r,7i, . . . ,7i_i). 

Proposition 6.3. We have 

ir,(Co(A^fVir('^) X (F^- xF,))®zZ[^] ^ (iro(C*(F^")) ®z A* (F.)) ®zZ[^] 
for all i > 2 and under these identifications, the canonical map 

Co{aP) X X X F,) Co{aP) X x (F^^ x F,+0 
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induces the canonical inclusion 



for every i >2. 

Proof. By the previous lemma and the Pimsner-Voiculescu sequence, we obtain 
K,{Co{aP) K^^^ X (F^^ x (r,72, . . . ,7.-1))) ®z 
Ko{C*{¥^)) ®z A* ((r,72, • • • ,7,-i))) ®z Z[^] for alH > 2 



because 7, = 1 + ri?('^) for alH > 2 imphes ^^.{w^) = for all x \ {1} 
and i > 2 as observed above. 

It remains to prove that (/i-, J* ® id 1 = id®id 1 on /^*(Co(a1^^^) x ii'^'^) x 

X (r, 72, ... , 7i-i))) ®z ^[^]- We know that 7! G (rF>/tR^Y has order 
g-^ — 1 because (/2(°')/ri?(°"))^ = F^^ is a cyclic group of order — 1. Thus 

(71)^''^^^ = 1 + tR'-'^\ and this implies /^(^^j^Z-ilw^x) ~ ^'-'^ x ^ \ {1} 
as explained above. Hence, by our previous lemma, we have 

(/^(,,),/-J*®id^[^j=id®id^j^j 
on K,{Co{kP) X i^M X (F^^ x (t,72, . . . ,7.-1))) ®z Thus 

This tells us that (/i^J* ® id 1 is of order — 1, and with the help of 

the Pimsner-Voiculescu sequence (proceeding inductively on i), this implies 
(/i^J,®id 1 = id®id^ 1 onir,(Co(A^"^)xir(-)x(F^x(r,72,...,7.-i)))®z 

Z[^] for all i>2. □ 

Now, let us set r := (r) x T' so that iT^ = (TT^'^))^ = F^^ x T. By continuity 
of K-theory, we deduce from the previous proposition 

K,{C,{kP) X X ®zZ[^] = (iro(C*(F,")) ®z A* (r)) ®zZ[^]. 

This result, together with ^ and ([6]), completes the proof of Theorem 11.11 

Note that Theorem 11.11 covers the results in |Cu-Li3] since for the function 
fields Fg(T)/Fp(T), the inertia degree at infinity / is 1, i.e. = 1. 

An immediate consequence of Theorem 11.11 is 
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Corollary 6.4. In the same situation as in Theorem let x G K^{Ql[R]) 
be a torsion element of order N. Then N divides a suitable power of , i.e. 
N I {Q^y for i big enough. In particular, every prime divisor of N is a prime 
divisor of . 

Remark 6.5. It becomes clear why we restrict our investigations to the case 
of one single infinite place. The reason is that if we allow more infinite places, 
we will have to deal with many prime elements, one for each infinite place. But 
then, it is not possible to carry out the explicit computation in Section [5] for 
the crossed product involving the action of all these prime elements. However, 
the explicit description of K-theory at this stage is the basis for what we do 
in this section, so it is not clear how to proceed in the case of more than one 
infinite place. 

Of course, it would be desirable to say more about the torsion part of K^.{pi[R\). 
We do so in the next section, but even there we are far away from completely 
determining the torsion part. So this remains an open problem. 



7. Torsion in K-theory determines inertia degree 

In this section, we consider the same situation as in the previous section. 
In addition, we assume that the inertia degree / at infinity of our function 
field K/¥q(T) is prime to the cardinality of the multiplicative group of the 
field of constants F^, i.e. (/, g — 1) = 1. In this case, we will be able to 
choose a particular element xx or rather a particular function X such that 
the corresponding unitaries are fixed by every element in T' for a suitable 
choice of T'. The unitaries were defined in Proposition 15.21 see (120|) . and 
the elements xx were constructed in Remark 15.31 

First of all, note that 

= ^ = '^ + 1 + --- + 1^'^ = f modg-l. 

Hence it follows from (/, g — 1) = 1 that we also have {Q-^ , q — 1) = 1. Thus 
the homomorphism — i- ; a a'3 is an isomorphism. 

Now let X be a character in F^. Composing x by the inverse of the map 

F^ — )■ Fg ; a I— )■ we obtain a character x with the property xi'^'^^) = xi^^) 
for every a in F^ . Since Q-^ ■ {q — 1) = q-^ — 1 is the order of the cyclic group 
{R^"^ /tR^'^^Y, we know that {h + rR^''^)^^ lies in F^^ C {R^'') /tR^'^^Y for every 
element b+rR^''^ € {R^""^ /tR^^^Y . Thus we can define X : {R^''^ /tR^'^^Y ^ T 
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as the composition {R^^^tR'^''^)'' ^'5 4 T, i.e. 

X{b + ri?('^)) = x{{b + rR^^^f). 

By construction, we have 

X{a-b + tR'-^^) = x{a'^')x{{b + rR^'^^f) = x{a)X{b + ri?^'^)). 

The point is that we can now choose T' with particular free generators so 
that the unitaries are fixed by the multiphcative action of T' for every 

X e F^\{1}. Recall that T' is defined as a subgroup of {K^'^'^y with {K^"^)'' = 

¥^ X (r) X r' or, equivalently, {K^"^)^""^ = Wg x T'. Let us start with an 
arbitrary choice of T' together with free generators {7,} for F'. We know that 
(7i + ri?('^))0^ lies in F^^ C (i?W/ri?('^))^, so there exists an element Ui in 
such that 

(21) (a^i + rR^^'^f = 1 + ri?(") in (i?("V^^^"^)''- 

(Recall that a a^^ is an isomorphism of F^ .) Thus we obtain 

^^aaAxx) = X{h + rR^'^^)v^^'^H^-^v-^^^^' 

= E m+rR^''Y')v'''''\-^v-''^^^' 

= Yl + rR^^^f'r'Xiaa^b + tR^''^X'^'%-j^v-''^^^' 

= xiiam + rR^^^r'xx^xx. 

As /Xq.^. also fixes all the remaining summands of (see (1201) ). we conclude 
that fJ^ai'yiiw^) = w^. So for every generator 7^, there exists an element in 
Fg such that /ia.-y. fixes for all x in F^ \ {1}. But the elements {ai7i} are 
again free generators of a subgroup F' of (f^^""^)^ with {K'^'^^)^^^ = Fg x F'. 

The following lemma is proven with the help of the Pimsner-Voiculescu se- 
quence, similarly to the proof of Lemma [6.21 

Lemma 7.1. Assume that we can find unitaries w^, % G F^ \ {1}, of the 
form (I2U]) and free generators ji for a choice ofV (a subgroup of (K^'^^)^ with 
(^/^(f^))x = jpx X X Y') such that every /z^. fixes for every x G F^ \ {1}. 
Set Fj := {r, 7i, . . . , 7i_i}. Then the canonical map 

CoiA^) X K^^^ X (F^^ X F,) ^ Co{aP) x K^^^ x (F^^ x F,+i) 
induces an injective map on K-theory for every i G Z>o. 



K-THEORY FOR RING C*-ALGEBRAS ATTACHED TO FUNCTION FIELDS 23 

Now we know that 

Co{aP) X X {K^'^Y = Im^ |Co(a5.")) x i^^ x (F^^ x r,)| . 

i 

Thus the previous lemma, together with continuity of K-theory, imphes that 
the canonical homomorphism 

Co(Af)) X i^M X X (r)) Co(Af^) x iT^") x (K^'^Y 

induces an injective map on K-theory. The reason is that, as it was explained 
above, we can choose T' with free generators ji for T' and unitaries for 

X G F^ \ {1} such that fi^-{^Wx) ~ '^x X i^i F^ \ {1} as required by 

Lemma 17.11 

This observation, in combination with (Q, (j4]) and Proposition 15.21 leads to the 
following 

Proposition 7.2. Assume that the inertia degree f at infinity of K/¥q{T) 
satisfies (/, g — 1) = 1. Let R be the ring of integers in K/¥p{T). Set = 
. Then K^{^[R]) contains -torsion. 

Now let us come to the proof of Theorem 11.21 Let Ki/¥p{T), K2/¥p{T) be 
function fields, both having the constant field F^. Assume that both of the 
function fields have only one single infinite place and let fi be the inertia degree 
at infinity of Ki/¥q{T). Suppose that {fi,q — 1) = 1 for z = 1,2. Let Ri and 
i?2 denote the rings of integers in Ki/¥p{T) and K2/¥p{T). In this situation, 
we can prove 

Theorem 7.3. If K^{'Ql[Ri]) = K^,{'Qi[R2]) , then the inertia degrees at infinity 
of Ki/¥q{T) and K2/¥q{T) must coincide, i.e. fi = /2. 

Proof. Let fi denote the inertia degrees, for i = 1,2. Since K^{Ql[Ri]) = 
K^{^[R2]), we conclude by Proposition 17.21 that K^{'Ql[R2]) contains a torsion 
element of order Q^^. Hence, Corollary 16.41 tells us that every prime divisor of 
Q^^ divides Q^'^. As the situation is symmetric in Ki/¥q(T) and K2/¥q(T), we 
can equally well deduce that every prime divisor of Q^' divides Q-^^ . Thus we 
conclude that Q^^ and Q-^^ have the same set of prime divisors. The assertion 
of the theorem now follows from the following 

Lemma 7.4. Let q be an integer with q > 1. Let fi, f2 be positive integers. Set 
Qh = for i = 1,2. IfQf^ and Q^^ have the same set of prime divisors, 
then /i = /2. 



Proof. If Q^^ and Q'^^ have the same prime divisors, then the set of their prime 
divisors is the set of prime divisors of their least common multiple iQ^\Q^^). 
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We first prove 



(22) 

Write/ = (/i,/2) and/i 



fgi, f2 = fg2 with (5-1,5-2) = 1- Then 
■ (1 + + ■ ■ ■ + (qfy^-^) 



and 



Q/.(l + g/ + ... + (g/)^/2-l), 



We have to show (1 + g-^ + h (g^)^'"\ I + + h {q^Y^''^) = 1- As 

(fl'i) 92) = 1, there are a, 6 G Z>o such that agi = 1 + 652- Thus 

(1 + + ■ ■ ■ + (gO''"') • (1 + (Q^y + ■■■ + iiq^YT'^) 

= l + qf + --- + {qfyj^-^ = 1 + g/ + . . . + (g/)^f2-l + (g/)*^^ 

= {l + qf + ■■■ + {q^y-') ■ (1 + {q^Y' + ■■■ + ((g^)^^)""') + (g^"''- 

Thus (l + g-^ + --- + (g-^)fi-\l + g^ + --- + (g-^)^'2-i) divides (g^)^S2_ if 5 = 0, then 

gi has to be 1 and we deduce (1 + g^H h (g-^)'''"\ 1 + g^H h(g^)''""^) = 1. 

If 6 > 0, then (1 + g-^ + ■ ■ ■ + (g-^)^^"^, {q^Y^'^) = 1 since every prime number vr 
that divides (g-^)^^^ also divides g-'^, thus vr cannot divide 1 + g-^ + ■ ■ ■ + {q^y'^~^. 
This proves (122|) . 

Therefore, we can without loss of generality assume that /2 divides /i, i.e. we 
have /i = /2/. (In general, we can then apply our result to /i and / = (/i, /2) 
and to /2 and (/i, /2).) Now consider the prime decompositions 



where rii and Ni are positive integers. Here, we have used our assumption that 
the set of prime divisors of Q^^ and Q^'^ coincide. Moreover, since /2 divides 
/i, we must have Ni > rii for all 1 < i < r. It follows that 



Analogously, we obtain g-^^ = 1 + (g — l)7rf^^ ■ ■ ■ tt,^''. But we also have 



'2 



■ ■ ■ Tr,"" and Qf^ = vrf ^ ■ ■ ■ vrf " 



(g/^)/ = (1 + (g - 1)< 





e=0 




e=l 



It follows that 



(23) 




e=l 
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We now claim that for all 1 < z < r, we have for all 2 < e < / 

(24) v^Xf<' ■ ■ ■ vr-) < v^xQ {q - 1)^^^^ ■ ■ ■ 

Here Vt,-{x) for an integer x is defined as max({z/ G Z>o: vr.^ | x}). 
To prove this, we compute f^.(/7r"^ ■ ■ ■ vr"'") = v^^.^f) + rii and 

(25) v^x{^\q-ir-'nr---r^r) 



= v^Xf---if-e + l))- v^^d) + (e - l)v^X(l - 1) + T^i^ 
> ^^.(/) - ^7r,(e!) + (e - l)v^X<l - 1) + n^e 

Now expand e with respect to vrj, i.e. write 

e = + diVTj + ■ ■ ■ + arnvr™" with oq, . . . , G {0, . . . , tt, — 1} . 

By |Neu] . Chapter II, Lemma (5.6), we have 

(26) v^Xe^.) = ^ ((vrf - l)a„ + (vrf-i - l)a„_i + ■ • • + ai) . 

If VTj = 2, then 2 | Q-^^ implies that q is odd, hence for every 2 < e, we 
have (e — l)t'^.(g — 1) > 0. Inserting this into (125|) . we obtain 

(27) f (g - 1)^^-^ ■ ■ • > v^Af) " ^..(e!) + n.e. 



Moreover, we always have by fl26l) that 

(28) .;^,(e!) < (vrr - l)a„ + (71^^ - l)a„_i + ■ ■ ■ + ai 

= e — (a^ + ttm-i + h ai + oq) < e — 1. 

Combining fl27|) and fl28l) . we obtain in the case tt, = 2: 

(g - ly-'nr ■ ■ ■ Kn > v^. (/) - (e - 1) + n.e. 
But this inequality also holds for tTj > 2, since we always have 

(29) ^..( (g - 1)^-Vr^ ■ ■ ■ Kn > v^Xf) - ^..(e!) + n.e 

by (l25l) . Moreover, if vTj > 2, then we deduce from (126|) that 

^;^,(e!) < (vrf - l)a„ + (vr™-^ - l)a„_i + ■ • ■ + ai 
= e - (om + a.m-i H h ai + ao) < e - 1. 

Plugging this inequality into (129!) . we obtain 

( (g - ly-^T^r ■ ■ ■ > (/) - (e - 1) + n,e. 



26 



XIN LI 



Thus we have for every VTj: 



i<l - ^y^'^'" ■ ■ ■ <n > v.Af) - (e - 1) + n,e 



= v^^if) +ni + ni{e - 1) - (e - 1) = v^Xf) + ^1 + i^i - l)(e - 1) 
> v^Xf)+ni = v^Xf<' ■■■<')■ 
This proves f l24|) . As a consequence, we deduce for all 1 < z < r 

^-E (e) - ■ ■ • = ■ ■ ■ <0 = ^..(/) + n.- 

e=l ^ ' 

Comparing this with f l23|) . we conclude that 

iV, = t;,^(7rfi...7rf'-) = t;^,(/) + n,, 

thus VTr-{f) = Ni — rii for all 1 < z < r. This means that vrf^^^"^ ■ • ■ tt^''""''' 
divides /. But 7rf^-"i ■ ■■tx^^~^^ = Q^'/Qf^ = l+qf^ + {qf^f+- ■ ■+iq^'y-^ > f 
if / > 1 because q > 1. Thus we obtain a contradiction unless / = 1, i.e. 

/l = /2. □ 

This completes the proof of Theorem 11.21 □ 

Let us comment on the conditions in our main results. First of all, since our 
function field K/¥p{T) has only one single infinite place, the inertia degree / 
at infinity of K/¥g{T) always divides the degree n = [K : ¥g{T)]. Thus the 
primeness assumption (/, g — 1) = 1 in Theorem 11.21 can be replaced by the 
stronger statement [n, g — 1) = 1. As the latter condition just requires to look 
at the global fields instead of the local fields at infinity, it might be simpler to 
verify. 

Moreover, we can explicitly construct function fields K/¥p{T) satisfying all 
the conditions needed in Theorem 1 1.1[ 

Remark 7.5. For every prime power q and every positive integer /, there 
exists a finite separable field extension K/¥p{T) such that 

• the field of constants of K/¥p{T) is ¥q 

• K/¥p{T) has only one single infinite place 

• the inertia degree at infinity of K/¥g{T) is /. 

One possible construction goes as follows: Let ^ be a primitive (q^ — l)-th root 
of unity in (¥g)''^^, so that ¥gf = ¥g{(). Let g{X) e ¥g[X] be the minimal 
polynomial of ( over ¥g. Set K := ¥g{X) and embed ¥p{T) into K via T i— )• 
g{X)~^. The corresponding extension K/¥p(T) is separable as is perfect. 
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SO that the derivative of g{X) does not vanish. Moreover, K/¥p{T) satisfies 
all the three conditions listed above by construction. 

Remark 17.51 in combination with Theorem II. 2[ shows that unlike in the case 
of number fields, there are infinitely many possibilities for the K-groups of ring 
C*-algebras attached to rings of integers in function fields. The reason why 
this is not the case for number fields is that there are not too many possibilities 
for the inertia degree at infinity in the number field case: A real place is said 
to have inertia degree 1, and a complex place is said to have inertia degree 2 
(compare (Neuj . Chapter III, § 1). 
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